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Section I 

 

10 marks 

Attempt Questions 1 – 10 

Allow about 15 minutes for this section 

 

Use the Objective Response answer sheet for Questions 1 – 10 

 
 

    1    The scalar product of  two vectors 3 7u i j k= − − and 2 3v i j k= + +  is  

 

  (A)     6 3 7i j k− −   

  (B)     5 2 6i j k+ −   

  (C)     4−  

  (D)     22  

 

 

   2 If 3 4z i= − , then 
1

1 z−
 is equal to:  

  (A)     
1 2

10

i− −
  

  (B)     
1 2

10

i− +
  

  (C)      
1

6

i− −
  

  (D)      
1

6

i− +
 

 

 

3     The equation of a sphere, centre (2,2,3)  that touches the x y−  plane only is:              

  (A)      2 2 2( 2) ( 2) ( 3) 9x y z− + − + − =   

  (B)      2 2 2( 3) ( 2) ( 2) 9x y z− + − + − =   

  (C)      2 2 2( 2) ( 2) ( 3) 6x y z− + − + − =   

  (D)      2 2 2( 2) ( 3) ( 3) 9x y z− + − + − =   
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4       Which of the following is equivalent to the expression 
( )( )2

16 43

3 6

x

x x x

−

− − −
? 

 

  (A)     
3 1 3

3 6 1x x x
+ −

− − +
 

  (B)     
( )

2

3 1 3

3 23x xx
+ −

− +−
 

  (C)     
3 1 3

3 3 2x x x
+ −

− + −
 

  (D)    
( )

2

3 1 3

3 2 2x x x
+ −

− + +
 

 

          

 

5     Which of the inequalities best represents the given region in the complex plane? 

          

  

 

 

 

 

 

 

 

 

 

  (A)        : 2 : 1 1z z z z z+   −    

  (B)        : 2 : 1 1z z z z z+   −   

  (C)        : 2 : 1 1z z z z z−   −   

         (D)        : 2 : 1 1z z z z z−   −   

 

 

 

 

 

 

 

 

NOT TO 

SCALE 
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6  Which expression is equivalent to 2(ln )x dx   

   

  (A)     2(ln ) 2 lnx x xdx−    

  (B)      2(ln ) 2 lnx xdx−    

  (C)      2(ln ) 2 lnx x x xdx−    

  (D)      2 ln xdx   

 

 

 7  l is a line in the Argand diagram that passes through the origin and makes an angle α with the  

         positive real axis,  where 0 .
2


    

                                                  ( )Im z   

 

 

 

                                                                                                                   ( )Re z  

             The point P represents the complex number 1,z  where ( )10 arg .z    The point P is  

             reflected in the line l to produce the point Q, which represents the complex number 2.z   

              Hence 1 2 .z z=  

               

             The value of ( ) ( )1 2arg argz z+  is 

  (A)         

  (B)      2   

  (C)      3  

  (D)      none of the above. 
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8  What is the converse of the following statement? 

 

  “If both m  and n  are divisible by ,d  then m n−  is divisible by .d ”  

 

  (A)    If m n−  is divisible by ,d  then both m  and n  are divisible by .d   

         (B)     If m n−  is not divisible by ,d  then both m  and n  are not divisible by .d                                                            

  (C)     If m n−  is not divisible by ,d  then neither m  nor n  is not divisible by .d                                                            

          (D)     If both m  and n  are not divisible by ,d  then m n−  is not divisible by .d                                                             

 

 

9  Consider the statement: 

                                        ‘ ,x R  if ( )f x is even, then ( )"f x is also even’ 

          Which of the following is the negation to the statement? 

 

  (A)     ,x R   if ( )f x is not even, then ( )"f x is also not even 

  (B)     ,x R   if ( )"f x is not even, then ( )f x is also not even 

  (C)     ,x R   if ( )f x is not even, then ( )"f x is also not even 

  (D)     ,x R   if ( )"f x is not even, then ( )f x is also not even 

 

 

10  Which best describes the following parametric equations? 

 

         

5cos

5sin

x t

y t

z t

= −

=

=

  

            

         (A)    A spiral around the y  axis moving in an anticlockwise direction. 

         (B)     A spiral around the y  axis moving in a clockwise direction.         

         (C)     A spiral around the z  axis moving in an anticlockwise direction. 

         (D)     A spiral around the z  axis moving in a clockwise direction. 

  

End of Section I 
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Section II 

 

90 marks 

Attempt Questions 11 – 16  

Allow about 2 hours and 45 minutes for this section 

 

Answer each question in a new writing booklet. Extra writing booklets are available.  

 

In Questions 11 – 16, your responses should include relevant mathematical reasoning and/or calculations. 

 
Question 11 (15 marks) Start a new writing booklet 

 

(a)     (i)          Given that 0, 0a b  , prove that 2a b ab+                          2                                                                                                                                     

 

         (ii)         Hence show   
2sec 2 tanx x                                       1 

 

                                                                                                                                      

           

(b)     (i)        Express 2 2z i= −  in modulus-argument form.                                    2  

      (ii)       Hence evaluate 24z                                      1                                                           

 

 

(c)    The point P  represents the complex number 2 4i− + . The point Q  is in the first quadrant            2   

         of the Argand diagram such that  
2

OQP


 =  and | | | |OQ QP= .  

 

  Find the complex number represented by the point Q .                                                                                              

 

 

 

(d)     Find the primitive function of each of the following: 

 

         (i)           
21

x

x

e
dx

e+
                                                                                                                         2 

     

         (ii)          2 3sin .cosx x dx                                    2 

 

     (iii)   
2

2 1

2 2

x
dx

x x

+

+ +                                       3 

              

End of the Question 11. 
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Question 12 (15 marks) Start a new writing booklet 

 

(a)  (i) Show that one of the zeros of the equation 3 22 5 6 2 0z z z− + − = is 1 – i.                                1    

         (ii) Hence, or otherwise, find the other zeros over the complex field C.                                        2                                             

 

(b)     Consider the statement    ‘If 5 2, ,x x R=   then x is irrational.’                                       

                                                                             

          (i)  Find the converse of the above statement.                                                                               1 

      (ii)  Prove that the above statement is true.                                                                                    2 

 

(c)    Find  1sinx x dx−

                                                                                                                         4               

 

 

(d)       (i) Point P divides the line segment AB internally in the ratio of m:n, prove that                        2  

                                                      
mb na

p
m n

+
=

+
            

             where ,OP p OA a= =  and .OB b=         

                                                              

           (ii) Point P is the midpoint of AB, show that .
2

a b
p

+
=                                                              1 

                                                                                                                    

           (iii) Points P, Q and R are midpoints of the sides of ACB, where .OC c=                                2                                                                             

                  Show that .p q r a b c+ + = + +                                                                                                    

 

 

 

 

 

 

 

 

 

End of Question 12 
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Question 13 (15 marks) Start a new writing booklet 

 

(a)  The line 
1l  passes through the points (4, 3, 3)A − −  and (5, 2, 2)B .          

  (i)  Find the vector equation of line 
1l .                   2 

  (ii) The equation of line 
2l  is given by 

1 3

1 1

x y z

k

− +
= =
−

             3  

    Find the value of k  for which 
1l  and 

2l  intersect. 

 

 

(b)  Evaluate  

2

0

3 cos 2sin

dx

x x



− −                                                                  4 

       

 

(c)     The spheres 2 2 2 9x y z+ + =  and  2 2 2( 4) 16x y z+ − + =  intersect. Find 

  (i)  the value of y  when they intersect.                   1 

  (ii) the equation of the circle in which they intersect, giving the coordinates of      2 

    the centre and the radius.                                                                                             

  

 

(d)   Use mathematical induction to prove for all integers 2n  ,             3 

2 2 2 2

1 1 1 1 1
... 2

1 2 3 n n
+ + + +  −   

 You may assume 
( )

2

1 1 1
0

11 k kk
− + 

++
 is true.                                                                                                       

 

 

 

End of Question 13 
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Question 14 (15 marks) Start a new writing booklet 

 

 

(a)      Use a counter-example to show that the statement ‘a quadrilateral is formed by                              1                                                                                   

           joining any four points in a plane. 

 

 

(b)    ‘If 2, 6 5x R x x  − + is even, then x is odd.’                                                                                                              

             (i)  Write down a contrapositive statement.                                                                                    1 

             (ii) Use contraposition to prove the original conjecture.                                                                2                                                                                  

                                                  

 

(c)   (i) Sketch the set of points representing the complex number z such that                                             2 

                             ( ) ( )arg 2 arg 2
4

z z i


+ = + −   

      (ii) Find the radius and centre.                                                                                                                2 

 

 

(d)   (i)    If   is a complex root of 3 1 0z − =  with the smallest positive argument,  show that                  2 

               2  is also a cube root of unity.  

  

       (ii)    Show that 21 0 + + = .                                                                                                             1 

                             

  

       (iii)   Find all the roots in the form ie   and indicate these roots in an Argand diagram.                      2 

 

      (iv)   Show that ( )
5

2 21  + = −                                                                                                            2  

 

 

 

                                           

 

End of Question 14 
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Question 15 (15 marks) Start a new writing booklet 

 

(a)    Given 2 2 2a b ab+   (Do NOT prove this) 

(i)      Prove that 
2 2 2x y z xy yz zx+ +  + +                                                                                  1 

 

(ii) Deduce that if 1x y z+ + = , then 
1

3
xy yz zx+ +                2 

                 

  

 

  (b)       (i)  Given cos sinz i = + , prove 
1

2cosn

n
z n

z
+ =               2 

              (ii)  Hence by considering the expansion 

4
1

z
z

 
+ 

 
 show that            3 

           
4 1 1 3

cos cos 4 cos 2
8 2 8

  = + +   

              (iii) Hence find the primitive of 4cos d                    1 

                      

    

  (c)       Find the shortest distance from the point  

3

1

2

 
 
 
  

  to the line 

1 2

0 1

1 1

r 

   
   

= + −
   
      

        3                                                                                                                   

 

 

  (d)      A sequence is defined by 
1 2a = , 

2 3a =  and 1 23 2n n na a a− −= −  for all integers 3n       3  

      Prove by mathematical induction that 12 1n

na −= +  for integers 1n       

     

 

 

 

End of Question 15  
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Question 16 (15 marks) Start a new writing booklet 

 

(a) Find the integral 
4

3

0

sec x dx



 .                                                                                                 3 

                              

 

(b) Lines 1l  and 2l  are given below, relative to a fixed point O.                                    

           ( ) ( )1 : 11 2 17 2l r i j k i j pk= + + + − + −     

           ( ) ( )2 : 5 11 3 2 2l r i j qk i j k= − + + + − + +                                                                

where  and   are scalar parameters.  

                                                                                    

(i)    Given that lines 1l  and 2l  are perpendicular, find the value of p.                                   2  

(ii)    Given that lines 1l  and 2l intersect perpendicularly, find the value of q.                        3                              

                (iii)   Hence find the point of intersection of lines 1l  and 2l .                                                   1 

 

 

   (c)    (i)    Evaluate 

1
2

2
0

1

1
dx

x−                                                                                                       2 

           (ii)   Show that 20 ,nx x   for 2n  in the above integral.                                                        1 

           (iii)   Hence show that for 2,n    

1
2

0

1
.

2 61 n

dx

x


 

−                                                               3 

      

 

 

 

End of Examination 
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1 If: = 3 £ - L - 7 ~ and 1:, = 2 £ + 3 L + ~ 

ti •'!, = 3 ( 2) + (-1) ( 3) + (-7) (1) 
7!:• 1:,=-4 , 

2. 1 1 

1-z - I - ( 3 - 4i) 

I - 2- 4i 
= X 

-2+ 4i -2- 4i 
- 2 - 4i 

= 
20 

- l - 2i 
= 

10 

(C) 

(A) 

3. Centre (2, 2, 3) and touches the x - y plane, 
i.e. z = 0 i.e. radius is 3 units 
(x-2)2 + (y-2)2 + (z - 3)2 = 9 (A) 

4. 16x - 43 16x- 43 

( X - 3) ( x 2 
- X - 6) - ( X - 3) ( X - 3) ( X + 2) 

l6x - 43 = ---,----
( x - 3 )2 (x+2) 

A B C 
=--+ +--

x-3 (x-3)2 x +2 

_ A(x-3)(x+2)+B(x+2 )+C(x -3)2 

(x-3)2(x+2) 

I6x-43 = A(x-3)( x+ 2) + B(x+ 2) + C(x - 3)
2 

When x = 3, 5 = 5B 

:. B = 1 
x = -2, - 75 = 25C 

:.C= - 3 
x=0, -43=-6A+2 - 27 

- 18 =-6A 
:.A=3 

3 1 3 
:.-+ ? -- (B) 

x-3 (x - 3t x+2 

2 

Correct answer: 

Correct answer: 

Correct answer: 

Correct answer: 

2023 Trial HSC Mathematics Extension 2 



5. 

6. 

7. 

y 
iz - ~I = 1 lz-zl ~ 1 

lz-zl=l2il<2 
Iii< i 

~ 
{ z: lz -zl < 2} n { z: lz -11 ~ 1} (D) 

f (Inx)2 cbuv-f u 'v dJ. u = ( In x )2 v' = I 

2 ln x " 
u' =- - v =x 

x -.. 

-x(Inx}2 - 2 f lnx dJ. 

e 

p 

Let arg( z1) = 0 

Angle between z1 and line I = a - 0 

.·. arg( z1) +arg( z2 ) = 0+( a +a -0) 
=2a (B) 

(A) 

8. \P = both m and n are divisible by d 
Q = m - n is divisible by d 
Converse: If Q ⇒ P (A) 

3 

Correct answer: 

Correct answer: 

Correct answer: 

Correct answer: 
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9. 
Key words 
VxER, 

1s even 

Negation 
:lx ER, 

is not even 

:lx ER, if f ( x) is not even, then f"( x) is also not even (A) 

10. x = - 5 cost 
y = 5sint 

z = I 

i.e. spiral up :; axis as t increases. 

Method 1 : viewing from the x - y plane 

Method 2: Table of values 

t=O 

x =-5cos t x=-5 

y = 5sint y =O 

z=t z= O 

:. turning clockwise around the z axis. 

3) t = ,. 

:. clockwise 

Jr 
t=-

2 

x=O 

y =5 

Jr 
z=-

2 

4 

(D) 

t = Jr 

x=5 

y= O 

z=n 

Correct answer: 

Co1rect answer: 
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QUESTION 11 (a) 
(i) ([a_ -~j"L~O o..."?©.J \o >o }{c•:,\j ...,,,eQ_l J:~ 

CL -dja.b -t- \:J ~ 0 
~1vc...~ v-J~ 

;Alt 11~+ l ft\-- l. \-

tL.:::. b 

0-+-lo ~ ~~ { e "'y-y-€ ~ 

(_J,J 
(ii). secy; ;:::. -l--a.,~/,c + \ l"(t,s{~ ~I..! ~V\-~ 

~~J~x . \ ( \J S\\'l~ ~ )) 
Au.. It) ... + 2 '!/ \ \.+ 
lt1-,--e cf - c1 l ~x l -

- ;l.~.r ~ ~1-'Jt.~O -

l I ) 

QUESTION 11 (b) 
(i) t= ff -J.J~ ~J~tl d.~ 

I ?f \ ;:- JJ.+-2- wv'<s- ff=-+~' (-1) .1 i \'1 C c.171'-e<~ = J. 
= ~' ~ () 
- - IT - 't . 

' t = J ~~~ ~ ~ ~ - ' 

= J (os 0. - ~ ~,Y'. ~ 1 4 '-t J 

( ii) .t.'t 
).'f- . (:_n)tl't oJ .:.~.J. A,~, ---r = CX. c.~ - -

'-t' 

111l f ~~"'"""C'. ck )...'t 
l~ == c).. ~ &-btt) 

7-~ ( ' ) = d, (0~ b K - --t ~ I Y\ fo 'l\ 

= J-2-'f- ( I - o) 

- ;-'t ( I bl l7J,\0J 
I 

5 
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UESTIO 

QUESTION 11 (d) 
(i) I ,eX J J I . olu Af l { : .e_X 1f M-v~O 1,v ell ~ 

- 'X == I +e2
)( ~')_ cl»... ,c =- e cl::~. 

:4Ll 1->.:·J .2. 1~,+ i+ 
-1 - ~ l,L. -\-C- (.{ ~ c4 ( 

- ~' e,x + c:_ -
( J.J 

QUESTION 11 (d) 
(ii) r 3 

~ S \oi- X 4J5 X J.x = ~ (J\V12. :;C C.0!;,'l-:1. Co5 l'. ~'X ~ e,nil.-<' .-J,tt w-ei~ cM•--rL 

A-tt b .. + 6 ~~ ,-t; :c ~.?IV\1..X (\-S1l.x') (0$ X J)( 

.,_ i C05.X 5\l)( - COSX SIYl't ?'. d_'.)( 

J 3 5" 

l;r C rrYv·-e .::::k 

- ~c - S\V\ ':l'. ...\- c... 
"3 ~ 

(2) 

QUESTION 11 (d) 
(iii) ~ c).:x: +- \ =- r pc + 2- - I d X ie,~~ \,\.1--e.® JJ--<-z r +,,lx.-\-"). x1 ,\-ht-+ 2.. 

::: l oi):-t-2. c1 X - ~ \ Jx ~QQ ~'.h,,+ 3 ~ e i 
y..1- .\-2-:r .\-l- .x_ l. + JJt-r 1. i+ C~cJ. 

::: ~~ X\-b:-r~ _ ~ I J_1r 
~+ \)l.. +-\ 

-== ~{x.1.-+lx +0 - ~ 1 
(xt-\ )+c 

[1) 

6 
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QUESTION 12 (a) 

(i) Let P(z) = 2z3 -Sz2 +6z - 2 

P(l - i) = 2(1 - i)3 - 5(1-i)
2 

+ 6(1 -i) - 2 

P(l - i) = 2 ( l - 3i + 3i2 
- i3 ) - s ( l -2i + i2

) + 6 -6i - 2 

= 2 ( 1- 3i - 3 + i) - 5 ( 1 - 2i - 1) + 4 - 6i 

= 2(-2 - 2i) - s(- 2i) +4-6i 

= - 4 - 4i + 1 Oi + 4 - 6i 

= 0 

Hence 1 - i is a root of P( z) = 2z3 - 5z2 + 6z -2 . 
tLJJ}r.., -· . r .,I... IIJJr) dl"t.- H.A1.. , 

(ii) Since 1 - • i is a root, then its conjugate 1 + i is also a root 
11 

i.e.(1-i) + (l+i) =2 

(1 -i )(l+i) = 2 

. ·. [ z - ( 1 - i)] [ z - ( 1 + i)] = z 2 
- 2z + 2 is a factor 

2z-1 

z2 
- 2z + 2) 2z3 

- Sz 2 + 6z - 2 
- ( 2z

3 - 4z2 + 4z) 

-z2 +2z-2 

Hence the other roots are 1 + i and .!_ + Oi over CC. 
2 

J>N K : 1]J 
e-"f~~ ...,_. (_.,·,:f .: I 

r Ou,/ Wo¾<N~j}tr I 

fl 
AE: I 

H"'J 1-i,pi:~ --1 \\ 
ltd~ ""f~ ~ 1-i ;, 

1),"/ /4 """"~ (),,_ ,-.J.-,.i,.. I, 

~ (k ~ ~ ~11trf//J 
FIA~ PC~) ,,,.~NVT ~,; 

'l>~le I 
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UESTION 12 b 
(i) 'If 5x = 2, x E R, then x is irrational. ' 

(ii) 

where P = '5x = 2, x ER' and Q = x is irrational 

The converse statement (i.e. Q ⇒ P) is 

' If x is irrational, x E R, then 5x = 2.' 

Using contradiction, 'If 5x = 2, x E R, then xis rational. ' 

If 5x = 2, x E R, where x is rational i.e. x = p where 
q 

Since LHS = 5P 

p , q E z+ and P in simplest f01m. 
q 

= 5 x 5 x 5 x ... x 5 where there is no factor that is 

divisible by 2. ~ ~ "/<. f XS" · · . :~ 

and RHS = 2q 

= 2 x 2 x 2 x ... x 2 where there is no factor that is 

L-l~iu, •, J{ 

~ ,~t ' ~ II 

7>;J ,.,,.("' (J,~ ~ 

I I JI 

f' 
vr<t : I 
f ~ ,6\ b,, ~ 1ou1i-e. ~:. 
s,.;.J "~ .1-"" e,,. e,-.,\-v. 

I 

divisible by 5. 
2.-7< 2-Xl-X •.. Is ff.o'V--

Hence the proposal of x = p is rational, is a contradiction 
q 

therefore the original statement is true. 

\I 

d) ~ u-fv~~~ 

~~~ 
I 

I 

I I 

t!o~-. 
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QUESTION 12 (c) 

Let f xsin- 1 x dx 

~ uv-f u'v dx where . -1 ' u=sm x and v =x 

~ x' 
1 ---+v=-u'=---;=== 

✓l-x2 2 

- x2 sin- Ix _.!_I x2 dx 

- 2 2 ✓1-x2 
Let x = sin0 

dx 
-=cos0 
d0 

dx = cos0 d0 

= x
2 

sin-
1 
x _.!_I sin

2 ~ cos0 d0 
2 2 ✓1-sin 0 

x
2

sin- x 1 Sm cos0d0 I I . 20 

2 -2 ✓cos2 0 

_ x
2 

sin-Ix _.!_I sin
2 e cos0 d0 

- 2 2 icosBI 

- x2 sin-1 x _.!_I sin2 0 dB 
- 2 2 

_ x
2 

sin- Ix _.!. f .!.(1-cos20) dB 
- 2 2 2 

_x sm x __ l - cos20d0 2 . - 1 I I 
- 2 4 

- X2 sin-IX _ .!.[e+ sin20]+c 
- 2 4 2 

- ----- 0+----x2 sin - 1 x 1 [ 2 sin 0 cos 0] + C 
= 2 4 2 

2 · -1 1 ] 
_ x sm x - - [0 +sin0cos0 +C 
- 2 4 

= x2 si;1-I x -¾ [sin-I x + x✓ 1-x2 ] + C 

l>N I~ Jl,-.t-- ,-... ,J.,. ....,: .fl.. 

<;b: I 

pt,[~ I 5 JI _;L &1L •. /\ 11 

J,J. . ~ C. ~ -1:,~) 
QCC-11 . r 
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QUESTION 12 (c) continues 

2 . - 1 I If x sm x . - 1 2BdB = -Sill x +- COS 
2 2 2 

=---- -sin- 1 x +- -(l+cos2B) dB x
2 sin- 1 

x I 1 f 1 
2 2 2 2 

=---- -sin- 1 x +- (l+cos2B) dB x
2 sin - 1 

x I 1 f 
2 2 4 

x
2 

sin-
1 

X I . - I 1 [B sin2B] C = - -sm x +- + + 
2 2 4 2 

1 . _1 1 [ . _1 2sinBcosB] C 
=----- -sm x +- Sill x+ + 

2 4 2 

x2 sin-1 x 

2 

x
2 sin - 1 

x 1 1 [ ,.--------;;] =--
2
--- 2sin- 1 x +4 sin-1 x+x\f I-x2 +C 

1 . - 1 1 . - 1 xP C 
=----- -Sill x +-sm x+ + 

2 2 4 4 

2 · - I } ,.--------;;1 2 x sm x . - 1 x\1 1- x~ C 
= - -Sill x+ + 

2 4 4 

12 
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UESTION 12 d 
(i) . Point P divides the line segment AB internally in the ratio of 

m:n. B 

0 

Point P divides the line segment AB internally the ratio of 
m:n. 

AB = AP+PB where AP:PB = m:n 

AP m 
~= -
PB n 

:. nAP = mPB 

n( OP - OA) = m( OB - OP) 

n(e - q ) = m(Q- e ) 

ne - nq = mq - me 

np + mp = mq + nq 

( n + m) E = mq + nq 

mb+ na 
:. p = - -

m + n 

(ii) Point Pis the midpoint of AB, i.e. m: n = 1: 1 

(iii) p+q+ ,:, 

a +b a+c b+c = -=-----=:. + -=-----=:. + ..:::..__::::, 
2 2 2 

2a+ 2b+ 2c 
= - - -

2 

2(q+q+q) 
=---'---- ~ 

2 
:. p + q +,:, = CJ+Q+q 

0 

: . m = n = 1 

. (1) '2+ (1)q 
·· e = (1) +(1) 

b+ a 
:. I!, = - 2 -

y 

X 
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QUESTION 13 a 

QUESTION 13 b 

/0 )l.::: 3 

J.J- -6 = ~ ~ 
cJ_J;-_ """(2.~ ox-..o.x.;L~ 

= I -1-- t:.2. 
.,2.._ 

Y-= ~ f: -== I 
l-

,c :::::: 0 t. = 1) 

11 
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QUESTION 13 (c) 

12 

f/4; «;; u/4[,( cl-e 
~°3/1 f fr c'-L 

(&> o/& rf ~fgek-uc 

t 
I 

~ ' 
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UESTION 13 d 

,(_ liffS 

~JJ i,,c.1R d-rt 

e $errrc.L r~ t?dl -1-o 
w o l c ,,t, #~.v-'v 

:!2 ~-d 
0rre.-&,~ 

I) fJl.c r 3 l'rl o ¥':J 
w-c1I cl--e.. 

~ ~ r- sJu:1v ld 

Ix_ h-lf.i1/ ~ 
~m~ 
~ n ,!- tr"tNU~ 
l&W~.:( ~ - -<-t 

-Aocvu~,,. ff:J c~'l--"-
~ 0 &c:l~deci . 

---

(!i} _ ~ ,f N-o v IJ-- , r; ./rv-e /- II._:;_ k J fl-. v+ t S -fYve f-
Jt .:=A.+ r. 

~u ct ,'1 -fvv~ f 11-=;).. 
1 
~ ·l I- t5 -/-Y11e f rz =3 . 

1f ;f 15 -fy-ve fl- n.c= 3 _, -f(..,... ,-I I• -frve f rl""' f ..,..,1. 

A 0 e-n. 

_ ~ ;/ t; -/uJ e f tJv all I rt/e-'tJ?f l'I. ~ .:l. . 

13 
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QUESTION 14 (a) 
'A quadrilateral is formed by joining any four points in a 
plane.' 
This statement is false when the four points are collinear, then 
a line is formed. 
OR This statement is false when the three points are 

collinear, then with the fourth point, a triangle is fonned. 

UESTION 14 b 
(i) 'If Vx ER, xi -6x + 5 is even, then x is odd.' i.e. P ⇒ Q 

Given Negation 

VxER :lx E R 
is even is not even 

is odd is not odd 

P = If Vx ER, xi -6x + 5 is even 

Q =x is odd 

Contrapositive: -,Q ⇒ -,P 

:. Contrapositive statement: 1ft :lx E R , x is not odd, then 

xi - 6x + 5 is not even. 

OR If' :lx ER , x is even, then x2 -6x + 5 is odd. 

(ii) Let x = 2n, n E Z (definition of even) 

x2 -6x+ 5 = (2n )2 - 6(2n )+ 5 

=4n2 - 12n+5 

=4n2 - 12n + 4 + 1 

= 2 ( 2ni - 6n + 2) + 1 

= 2m + 1, m E Z i.e. definit\Qn of odd. 
I 

Hence the original conjecture is proven by contraposition. 

2023 Trial HSC Mathematics Extension 2 



UESTION 14 c 
(i) 

arg ( z + 2) = Jr + arg ( z - 2i) 
4 

arg ( z + 2) - arg ( z - 2i) = Jr 
4 

(ii) Centre is at (0, 0) 

Radius is 2 units. 

QUESTION 14 (d) 

lm(z) 

z3 = 1 where z = cos 0 + i sin 0 

Re(z) 

p 

z3 = cos 30 + i sin 30 by de Moirve's 

Theorem 

cos30 = 1 

30 = 2ktr + 0, k = 0, 1, 2 

:. 0 = 2ktr 
3 

When k = 0, 0 = 0, :. z1 = 1 

2tr 2tr 
k=l, 0=-, :.z2 =cis-=OJ 

3 3 

k=2, 0= 
4
; , :.z3 =cis 

4

3
1r =cis2(

2
;)=0J2 

Hence OJ
2 is a root of z3 -1 = 0. 

(ii) 
OJ is a complex root, hence o} = 1 

a.>3-1=0 

( cv-1)( 1 +cv+cv2) = 0 but OJ* 1 

:.1 +cv+d =O 

~~~tbd~ 
~ ~f LR-pi=~ 
~ L,4<76~ f_ ~ 

~°ff'°~ 
~---'4~~
to/V'f. ~ sJ-U,PJ 
rv/r' kAo..JhoiJ, t,. ~ • 
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QUESTION 14 (d) 
(iii) From (i) When k = 0, 0 = 0, : . z1 = / 0 

2n ia. · 
k = l , 0 = - , :.z2 =e 3 ' 

3 

4,r -ki 
k = 2 0 = - :. z3 = e 3 

' 3 ' 
lm(z) 

z -- - -4 --- ---- --, -' , 
' I 

I 

' ' I 
\ I 

\ 
I 

\ I 

2n \ 
I ~ \ I - I 

I 

~ 
I I 
1 1 2,r ,z 

I 0 1 1 Re(z) 
41 3 ~ -

1 2n I 
1 I 
1 - - I 
I 

3 I 
\ I 

\ I 
\ I 

' I 
\ I 

' ' 
I 

' 
I 

' , , 

23 -- ---.. --..+ - ---

(iv) From (ii) I +cu+ol =0 

1.e. I +m=- oJ- or cv+oJ =-1 or I +oJ =-cu 

= - w3 x w2 since (1)
3 = 1 

= - (1) X OJ
2 

= - w2 (as required) 
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UESTION 15 a 

QUESTION 15 (b) 
(i) tf'11f:-tvt (} .:::-co.S~-f )~tM.llL 

~ 0"' .:::. cesYl <rL + -c' Sm 11 (9._ 

(J -"' ;:::. c 0 s(-n <9-) 1---<.: 5 , n (-11 ~.-) 
= ces Yl a -- -<... SW' n <12... 

(ii) (J-1- t) 7 
.:= ;/' -1- 4--J 1. +- {, +- ?- -f- t'f 
= cy r .f f ~) + lf ( J 2-r I1-) -I- (, • 

!:'- J_ cos ff-& ~ 'f (J..ces 1..c.a_-)+ lo 
::. J ces L(-«i. + 8' ces 2.C9.. + .6 1 

o., '!Jo (g- t -j.) 'f ==- @- c O S' 5:") 't
-==- / {, r-o 5 C9-. 

_:!cos"~ d~:: r ~~s:-~ f- CtJf ;_CR + -j d.(1__ 

CT> 

-= Sitt '-f-e1. .J ~m 'Lo. -1- 1(9.. f- c__ 
~ -;;- ~ I 

17 
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UESTION 15 c 

• : Mt~ du~~ 15 

/If J[!J/~lE!/ 
= ((-+)~f(-D~(l) 
:::: (Fc> V~ I r5 I 

3 

'?o--.~ CQv~ . cri.,:&YtS~~\.. 
Atout- 6- stL,'(""\Ul ._;~ 

clt.d. ·+~ l.:-~Jt 

/<N n .:::= I A- lo4 o--J :;;l '-- r lt- ,h 
cb...ct v\t>-< cit, h -c J. 

1t = k-, 
fl:;; k. 

==-c} +-I 
18 

~1 .=- \ cc.""'o\ \i\. ::- L 

'--fL.._ \,/<"' .. t..: ·t.> ( ~ a: .. , 
l <; c::Q.a\"~~ •'-~ et 'r-... ' • 

,;2, v«-t.u {'~ I.) rn CO-<'~- t+ 
~ _ \--(cg\- J.;..d1. ·-\~ c."r ~') 

. k "f ...v .,,~1:ct-~ .:.t --~~ 
J \1 o\ Gl1.0 L v ~ 

~~fve/1\1..•~ j~.... ~ 

I" l.1 v )a J! • . 
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11/4 Ill) 

wltc ( , s 

~ l~(.P 01< , 5 

5wtu (}~ I 5 

= 3 (}- k. -tr ,J -d (a. k - 2 + ,) 

:::: 3. dk-f+3 - d.. :lk--z._ 2 

k - , ,. '2. 

==- 3 , c1 - cl . d "'" - -1- J 

~- r k -1 
~ 3 .J - rJ.- +I 

k - r 
- d -~ . +I 

k 
:: 3 t- / 

1--(or, f- J.:C( 
"fl-> d-t:: e 

r,..,ef,(. 

I 

-r,v-e I ll -==- A.1 I 1/ fwe f- -,1 ::::- I ~fl~fe.
1 

k~ ( 
._,JAf;,y,e k Is a.,y, I rtk<f,-r 

-h--11~ t n .:=- /11. ::- l 
.,) 

fyve f . ft -== 1; fl -: 3 

19 

/I 1 .5 fr ve f /1 = 3 

tf i 5 f rv"1 f n .:::. 4-

'--flw, ( t 1. id 
Ju e,. 

!of lkf:lr'V 
-~ 

t\.(l,'1-½ 

evG-->o~ . 



QUESTION 16 (a) . r f 
0

4 

sec3x dx = 
0

4 

sec2xsecx dx 

'M~ ~ ..,JJ. 
= [ uv J; -J,\ 'v dx where u = secx 

u ' = secx tan x 

v' = sec2x 
v = tanx 

= [secxtan x];-J,f secxtan2 x dx 

=[sec: tan: - 0 ] - J,\ ecx ( sec' x-1) dx 

=[ ✓2 (!) ]-r sec3 x-secx dx 

Let I = 1f sec3 x dx 

r . I = ✓2 -
0 

4 

sec3 x dx + 14 

sec x dx . 

2/ = ✓2 + J,\ ecx dx 

21 .Jz if secx +tan x dx = + sec xx 
0 secx+ tan x 

f ' 21 = ✓2 + 
4 

sec x+secx tanx dx 
0 sec x+ tan x 

2/ = ✓2 +[ln lsecx+ tan xlI 

2/ = ✓2 + [ In ( sec : + tan : )- In ( I + 0)] 

2/ = ✓2 + [ ln ( ✓2 + 1 )- In ( sec O + tan O)] 

21 = ✓2 + [ ln ( ✓2 + 1 )- In 1] 
21 = ✓2 + ln ( ✓2 + 1) 

:.1 = ~ + ~ 1n ( ✓2 + 1) 

20 
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QUESTION 16 (b) 

(ii) 

{J {:J with direction vector CT J 

~ [: l + µ l I l wiili direction vector l n 
l:l·lil~o 

(- 2)(- 3) + (1)( 2) f 2p = 0 

6+2i 2p =0 
~ 

8-J 2p = O 

-'2.p = -8 

:. p = -\4 

Equating the like components: 

11 - 21t=-5- 3µ -CD 

2+1t= 11+2µ - @ 

17-41t=q+ 2µ -® 

From @ A = 9+2µ -@' 

Sub @' intoCD 11 - 2(9 +2µ )=-5- 3µ 

11 - 18 - 4µ =-5-3µ 

:. µ = - 2 -© 

21 
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QUESTION 16 (b)(ii) continues 
(ii) Sub © into @' A.= 9 + 2(-2) 

,', A, = 5 - ~ 

Sub © and ~ into ® 17 - 4(5) = q + 2(- 2) 

-3 = q-4 

:. q = 1 

(iii) 

r, {{]+s[J 12,.'..,l- j ~ --.r-

•" •I ~ d.J--.,1 
{1C ro.-r. 
~ ~4.,..rC.f'r- ~ 

[11-101 (>. ( ,o..:._r . 
fj = 2 + 5 

17 - 20 

r, - [ iJ 
: . The point of intersection is (1 , 7, -3) 

Checking: ,,{}2[I] 
[-5+6] 

r2 = 11 - 4 

1- 4 

r, -[ iJ 

22 
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QUESTION 16 (c) 

(i) f ½ 1 

o ✓l-x2 

· - I 1 · - I =sm --sm O 
2 

7r 
=--0 

6 

7r 

6 

(ii) 
For n?. 2 , since o :S x < .!. - 2, 

(iii) 

0 _< x11 <_ (-21 )11 and 2 ( 1 )2 O~x :S 2 

1 ?. 1 - x 11 ?. l - x 2 

1 ?. ✓1 - x11 ?. ✓1- x 2 

1~ 1 < 1 
✓1 - x" - ✓1 - x2 

1 dx~ dx< -==l= dx f ½ f ½ l f ½ 

o o ✓1 - x 11 
- o ✓1 - x 2 

.L f ½ l i ½ [ x ]~ ~ ~ dx :S ----;✓=l= dx 
o \I l - x" o l - x 2 

l f ½ 1 f .L --0 < ---==- d < 2 1 dx 
2 - 0 r-;;} - Xn X - ~ '\J 1 - x" o '\JI - x~ 

23 

~u.4" 
,,.~ (k .;.. ... "\---1 
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