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Year 12 Higher School Certificate
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STUDENT NUMBER:

General Instructions Total marks — 100
e Reading Time — 10 minutes Section | Pages 3 - 6
e Working Time — 3 hours 10 marks
e Write using black pen Attempt Questions 1 — 10
Black pen is preferred Answer on the Objective Response Answer Sheet
e NESA-approved calculators and drawing provided
templates may be used Section Il Pages 7 — 12
e A rreference sheet is provided separately 90 marks
e In Questions 11 — 16, show relevant Attempt Questions 11 — 16
mathematical reasoning and/or Start each question in a new writing booklet
calculations Write your student number on every writing booklet

e Marks may be deducted for untidy and
poorly arranged work

e Do not use correction fluid or tape

¢ Do not remove this paper from the

examination room

Question 1-10 11 12 13 14 15 16 Total

Total

/10 /15 /15 /15 /15 /15 /15 /100

This assessment task constitutes 30% of the Higher School Certificate Course School Assessment




Section |
10 marks
Attempt Questions 1 — 10

Allow about 15 minutes for this section

Use the Objective Response answer sheet for Questions 1 — 10

1 The scalar product of two vectors u=3i— j—7kand v=2i+3j+Kk is

2 If z=3-4i,then ﬁ is equal to:

w =2
(B) —lln(L) 2i
© ==
(D) —l6+ i

3 The equation of a sphere, centre (2,2,3) that touches the x—y plane only is:
(A (x=2°+(y-2)*+(z-3)°=9
(B) (x=3)°+(y-2)°+(z-2)*=9
©)  (x=2"+(y-2)*+(z-3)* =6
(D)  (x=2)*+(y—-3)*+(z-3)*=9
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Which of the following is equivalent to the expression

(A) 3 N 1 B 3
X—-3 X-6 x+1
3 1 3
(B) + 2
X—3 (x—3) X+2
(©) 3 N 1 B 3
X—3 X+3 Xx-2
3 1 3
(D)

+ - 2
X—-3 X+2 (x+2)

16x-43

(x=3)(x* -x—6) ?

Which of the inequalities best represents the given region in the complex plane?
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A {z:]z+7]<2}ufz:|z-1 21}

B) {z:|z+z|<2}n{z:|z-1=1]

(C

N—r

(D

N—r

{z:]z2-7<2}U{z:]z-1 =1

{z:]z2-7|<2}n{z:]z-1 21}
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6 Which expression is equivalent to .[(In x)*dx

(A)  x(Inx)* -2 In xdx
(B) (Inx)*-2 j In xdx
(C)  x(Inx)* - 2.[ x In xdx

(D) 2_[ In xdx

7  lisaline in the Argand diagram that passes through the origin and makes an angle a with the

T

positive real axis, where 0 <« < 5

Im(2)

~ Re(2)

(0

The point P represents the complex number z,, where 0<arg(z,) <a. The point P is
reflected in the line | to produce the point Q, which represents the complex number z,.

Hence | )| =] z,|.

The value of arg(z,)+arg(z,) is

A «a
(B) 2a
©) 3«

(D)  none of the above.
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What is the converse of the following statement?

“If both m and n are divisible byd, then m—n is divisible by d.”

(A) If m—n isdivisible by d, then both m and n are divisible by d.

(B) If m—n isnot divisible by d, then both m and n are not divisible by d.
(C) If m—n isnotdivisible by d, then neither m nor n is not divisible by d.

(D) Ifboth m and n are not divisible by d, then m—n is not divisible by d.

Consider the statement:
‘VxeR, if f (X) is even, then f "(X)is also even’

Which of the following is the negation to the statement?

(A) 3xeR, if f(x)isnoteven, then f"(x)is also noteven

(B) 3IxeR, if f"(x)isnoteven, then f(x)isalso noteven

(C) VvxeR, if f(x)isnoteven,then f"(x)is also noteven

(D) VvxeR, if f"(x)isnoteven, then f(x)isalso noteven

Which best describes the following parametric equations?

X =-5cost
y =5sint
z=t

(A) A spiral around the y axis moving in an anticlockwise direction.
(B) A spiral around the y axis moving in a clockwise direction.

(C) A spiral around the Z axis moving in an anticlockwise direction.

(D) A spiral around the Z axis moving in a clockwise direction.

End of Section |
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Section 11

90 marks
Attempt Questions 11 — 16
Allow about 2 hours and 45 minutes for this section

Answer each question in a new writing booklet. Extra writing booklets are available.

In Questions 11 — 16, your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) Start a new writing booklet

@ (i) Given that a>0,b >0, prove that a+b > 2:/ab 2
(i) Hence show sec’ x > 2tan x 1
() () Express z =J2-iy2 in modulus-argument form. 2
(ii) Hence evaluate z%* 1
(c) The point P represents the complex number —2+4i . The point Q is in the first quadrant 2

of the Argand diagram such that ZOQP =% and |OQ|= QP].

Find the complex number represented by the point Q.

(d) Find the primitive function of each of the following:

X

. e

i dx 2
) I1+e2X

(ii) jsinzx.cossx dx 2
.. 2x+1

ii —— dx 3
(i) -[x2+2x+2

End of the Question 11.

—-7 -



Question 12 (15 marks) Start a new writing booklet

(@) (i) Show that one of the zeros of the equation 2z° —5z° +6z—-2=0is 1 —1i.

(if) Hence, or otherwise, find the other zeros over the complex field C.

(b) Consider the statement “If 5* =2, xeR, then x is irrational.’

(i) Find the converse of the above statement.

(if) Prove that the above statement is true.

(c) Find Ixsin‘lx dx

(d) (i) Point P divides the line segment AB internally in the ratio of m:n, prove that
mb + na
m+n

E):

where OP = p, OA=a and OB =h.

a+3
2

O

(i) Point P is the midpoint of AB, show that p =

(iii) Points P, Q and R are midpoints of the sides of AACB, where OC = C.
Show that p+q+r=a+b+c.

End of Question 12
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Question 13 (15 marks) Start a new writing booklet

(@ The line |, passes through the points A(4,-3,-3) and B(5,2,2).

(i)  Find the vector equation of line |,.
(if)  The equation of line 1, is given by XT_l =—=—

Find the value of k for which I, and 1, intersect.

dx
3—-cosx—2sinx

(b) Evaluate

O'—'I\)\N

(c) The spheres X2 + y2 +z°=9 and x°+ (y—4)2 +2° =16 intersect. Find
(i) thevalue of y when they intersect.

(if)  the equation of the circle in which they intersect, giving the coordinates of

the centre and the radius.

(d) Use mathematical induction to prove for all integers n> 2,

1+i+i+ +i<2—1
122 ¥ 7 n n
1 1 :
You may assume > ——+——<0 istrue.
+1) k k+1

End of Question 13
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Question 14 (15 marks) Start a new writing booklet

(@  Use a counter-example to show that the statement ‘a quadrilateral is formed by
joining any four points in a plane.

(b) ‘If ¥YxeR, x?—6x+5is even, then X is odd.’

(i) Write down a contrapositive statement.

(if) Use contraposition to prove the original conjecture.

(c) (i) Sketch the set of points representing the complex number z such that
T .
arg(z+2) =Z+arg(z—2l)

(it) Find the radius and centre.

(d) (i) If @ isacomplex root of z3—1=0 with the smallest positive argument, show that
@” is also a cube root of unity.

(i) Show that 1+ w+w? =0.

(iii) Find all the roots in the form e’ and indicate these roots in an Argand diagram.

(iv) Show that (L+0?) =-o?

End of Question 14
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Question 15 (15 marks) Start a new writing booklet

() Given a’ +b* >2ab (Do NOT prove this)

2

(i)  Prove that x2 + y2 +2° 2> Xy + Yz + X

(i) Deduce thatif x+y+z=1, then xy+ yz+zx£%

(b) (i) Given z=cos@+isin@d, prove z" +Z—1n =2cosnd
1 4
(i) Hence by considering the expansion (z + —j show that
z

cos“49:Ecos46?+30032<9+§
8 2 8

(iii) Hence find the primitive of J.cos“ 6 do

3 1 2
(©) Find the shortest distance from the point | 1| totheline r=|0|+A4| -1
2 1 1

(d)  Assequence is definedby a =2, a,=3 and a, =3a, , —2a, , forall integers n>3

Prove by mathematical induction that a, =2"" +1 for integers n>1

End of Question 15
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Question 16 (15 marks) Start a new writing booklet

/4

x
(@) Find the integralj sec®x dx.
0

(b) Lines |, and I, are given below, relative to a fixed point O.
l:r=(100+2j+17K)+ A(-2i + j— pk)

l, 2 1 =(-5i +11j+0k )+ (-3i +2j + 2k
where Aand g are scalar parameters.

(i) Giventhatlines |, and |, are perpendicular, find the value of p.
(if) Given that lines I, and I, intersect perpendicularly, find the value of q.

(iif) Hence find the point of intersection of lines |, and 1, .

N

dx

. 1
Evaluat
(© () vauaej‘o\/l_7

(i) Show that 0<x" <x?, for n> 2in the above integral.

1
2
(iii) Hence show that for n> 2, %Sj o

0 v1-x"

<z
6

End of Examination
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Marking Guidelines:

Multiple-choice Answer key

1 C
2 A
3 A
4 B
5 D
6 A
7 B
8 A
9 A
10 D
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Correct answer:

= (A)

Correct answer:

Centre (2, 2, 3) and touches the x — y plane,
i.e.z = O1i.e. radius is 3 units

Correct answer:

(x=2)+(y-2)+(z-3)" =9 (A)
16x—43 _ 16x—43 Correct answer:
().’ﬁ?))(x2 —x—6) (x=3)(x-3)(x+2)
16x—43

(x—3)2(x+2)
A B C
+ —+
x=3 (xﬁ?,)“ x+2

B A(x—?))(x+2)+B(x-|-2\+C(x—?a)2

(x=3) (x+2)
L6x=43 = 4(x=3)(3+2) = B(x+2) + C(x 3]

When x=3, 5=38
L B=1
x=-2, -75=25C
S{0=-3
x=0, —-43=—64+2-27
SA=3
3 | 3

o]
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Key words Negation
VxeR, dxe R,
is even is not even

Correct answer:

Ix e R, if f{x)isnot even, then f"(x)is also not even (A)

x=-5cost Correct answer:

y=>5sin¢

Method 1: viewing from the x — ¥ plane

=0 olo Ly 3 =1
: N
\ - clockwise
(D)

t=0 t_;rr [=r

2
x =-5cost x=-5 x=0 x=5
v =35sin{ y=0 y=>5 =40

]
Il
b 9
8]
1t
<
8]
Il
q

.. turning clockwise around the z axis.

[
<
2
(9]
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QUESTION 12 (a)
(@) | Let P(z)=22-5:+62z-2

1-i)=2(1=i) =5(1=i)" +6(1-1)-2
l-1

(
2(1~3i+3z'2 —13)—5(1—2z'+f2)+6—6f—2

Il

P
Py

2(1-3i=3+i)~5(1-2i~1)+4—6i

=2(—2-2i)-5(-2i)+4—-6i
=—4—4i+10i+4-6i
=0

. .. IR
R b AL Y. T S 7. S

(i1) | Sin +i1s also a root
i.e.(1~z)+\1+z)=.4

(1-i)(1+i)=2
.'.[z~(1—1‘)][z—(l+i)] =z"—2z+2 isa factor

2z—1
|
22—22+2)2z3ﬁ522+6z—2

—(223 —4z° +4z) |

—z24+2z-2

~(-2*+22-2)

0

1
Hence the other roots are 1 + i and 5 + 0i over C.

27T ° " HSC Mathematics Ey*~—sion 2
























QUESTION 14 (a)

‘A quadrilateral is formed by joining any four points in a
plane.’

This statement is false when the four points are collinear, then
a line is formed.

OR This statement is false when the three points are
collinear, then with the fourth point, a triangle is formed.

QUESTION 14 (b)

(1) | “If Vxe R, x*—6x+5is even, then x is odd.’ i.e. P= o

Given Negation —[
VxeR dxeR
is even 1s not even
is odd is not odd
P=If VxeR, x> —6x+5iseven
Q= xisodd

Contrapositive: -0 => —P
..Contrapositive statement: |  x € R, x is not odd, then
x* —6x +51is not even.

OR | ixeR,xiseven,then x° —6x +5is odd.

(i) | Let x=2n, neZ (definition of even)

X —6x+5=(2n) ~6(2n)+5

=4n* —12n+5
=4n* —12
= 2(2112 —6r
i - . . ., ., . sition.

14
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QUESTION 14 (d)

(i11) | From (i) When k=0, 0=0, .. z =e"

27 2
k=1,9:T, Zy = i
dr _2a;
k=2, 0=—, r"z,=€¢""
3
].Jm(z)
f" \\
_:'__ ) Re(z) |
! M
I\ ’l
v .
() From (ii) [+@+af =0

.'.(1+a)2)5 :(—a))s
:—a)s
=— @’ xw® since @’ =1
=—(1)x &’

=—@® (asrequired)

ie. 1+a)=—a12 or a)+a)2=_1 or 1+a)2:_a)
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QUESTION 16 (a)

Z i
I sec’x dx:I sec’xsecx dx
0 0

a4
4
yis
=[uv]8 —I u'v dx where u =secx
0

#'=secxtanx

2
v'=sgec x
v=tanx

Jd

&
XL
=[secxtanx](‘; -.[ secxtan®x dx
0

— s

= secztanz—() — secx(seczx—l) dx
L 4 4 0

- \5(1)}—.“ sec’ x —secx dx

Let [ = sec’ x dx
o
.t 3
1=\/_— sec’ x dx+.[ secx dx
Vo 0 '
.7

2I=\/§+ secx dx
LA

.l secx+tanx
2]:\/§+ secxx—— " gy

0 secx+tanx

5 2
sec” x+secxtanx
21 =2+ dx
0 secx+tanx

27 = \5 + [ln [secx + tan x|]§

2 =\2+ ln[sec£+tan%\—1n(l+0)}

27 :\/5+[1n(\/§+l)—ln(seco+tan0ﬂ
21:ﬁ+rln(\6+l)—lnl}

L
21 =J§+1n(J5+1\

i —"2—‘+%1n(\/§+1)
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QUESTION 16 (b)

1 4 r= (11 +2+17k)+ A(-2i+ j - pk)

[1 1 -2 -2
=12 [+A4 1 with direction vector | 1 |:
17

l: r:(—5_{+1lir'+q/~c)+y(—3;:+2jj+2/~c)

r-s -3 -3
= 11 |+u 2| withdirection vector | 2 |;
q 2 2
=2 |3
For [, L/, 1 (e 2 (=0

6+ )=
n=10
p=-8
Sop=
(i) 11 -2 -5 -3
n=|2|+A| 1 and =i+ ul 2
17 -4 g 2

Equating the like components:
11-21=-5-3u —O
24 A=11+2p —©
17-4A=g+2y — O
From® A=9+2uy— @’
Sub @ into® 11-2(9+2u)=-5-3u
11-18-4u=-5-3u

- @
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QUESTION 16 (b)(ii) continues

(i) | Sub @ into @ A=9+2(-2)
LA=5—0
Sub @ and ® into @  17-4(5) =g +2(-2)
3=¢g-4
Sy =1
(ii1) 11 -2
r=|2[+5 1
17| |-4
"11-10
= )
1720
1
n=|7
_—3
. The point of intersection is (1, 7, -3)
=5 -3
Checking: r=111=-2) 2
1 2
[—5+6
rp=11-4
14
1
=7
-3

2
2
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